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Abstract
We consider the following problem: given suitable integers  and p, what is the smallest value 
such that, for any graph G with chromatic number  and any vertex coloring of G with at most + p
colors, there is a vertex v such that at least  different colors occur within distance  of v? Let (, p)
be this value; we show in particular that (, p)p/2 + 1 for all , p. We give the exact value of
 when p = 0 or 3, and (, p) = (4, 1) or (4, 2).
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction
In this note we shall consider vertex k-colorings in graphs G = (V ,E) with k(G),
where (G) is the chromatic number of G (i.e., the minimum number of colors needed to
color the vertices, so that no two adjacent vertices have the same color).
Properties of minimum colorings (i.e. (G)-colorings) have been extensively studied in
literature (see [1] for an introduction to graph coloring or [6] for a collection of results on
coloring problems). Some of these properties carry over to colorings with k(G) colors
and some do not.
In [2], some basic properties of k-colorings with k >  have been derived, and a few
questions were raised with respect to such colorings.
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Our purpose here is to study the following question: what is the smallest number  such
that, for a -chromatic graph colored with at most +p colors, there is some vertex v such
that at least  different colors occur within a distance  of v. Let (, p) denote this number.
We will give some bounds on (, p) which will reﬁne earlier results given in [2].
For graph theoretical terms not deﬁned in this paper, the reader is referred to [1].
In particular a path from x0 to xr will be a sequence of (oriented) arcs (xi, xi+1), (i=0, . . . ,
r − 1), while the non-oriented underlying graph, obtained by replacing arc (xi, xi+1) by an
edge {xi, xi+1}, will be called a chain between x0 and xr .
In a k-coloring c the colors are consecutive natural numbers, so it is in fact a function
c : V → {1, 2, . . . , k}.
In addition, we will assume that all graphs G = (V ,E) are connected and non-trivial
(|V |2).
2. LR-colorable graphs
Deﬁnition 1. In a graph G = (V ,E) we deﬁne the closed neighborhood of radius r of a
vertex v as the set of all vertices at distance at most r from v:
Nr [v] = {w ∈ V | d(v,w)r},
where the distance d(v,w) is the number of edges of a shortest chain between v and w.
Note that v ∈ Nr [v] for any r0.
Deﬁnition 2. For a graph G= (V ,E) with a coloring c we deﬁne the set of colors present
within a distance r from a vertex v as
Kr (v) = {c(w) | w ∈ Nr [v]}.
If a color i is in N1[v] we shall say that v sees color i.
Our purpose is to study the number (, p) deﬁned as the smallest number  such that if
a -chromatic graph is colored with at most + p colors then there is a vertex v for which
|K(v)|. With this notation we have the following:
Proposition 3. (, 0) = 1 for all 2.
In other words, for any graph G with chromatic number 2 and for any -coloring of
G there exists a vertex v such that v sees all colors (i.e.  different colors).
This holds simply because if for all vertices w with color (G), N1[w] contains at most
(G) − 1 colors, we can recolor these vertices w with some color k < (G) and we ﬁnd a
((G) − 1)-coloring, which is impossible.
Surprisingly, however, Property 3 does not hold for colorings using more than  colors,
in the sense that there is not necessarily a vertex v with |K1(v)|(G).
Proposition 4. (2, p) = (3, p) = 1 for all p0.
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Proof. If (G) = 2, in any coloring a non-isolated vertex will see at least two colors. If
(G) = 3, in any coloring there will be at least one vertex seeing at least (G) = 3 colors;
otherwise, G would satisfy (G)2. 
Deﬁnition 5. A coloring c of a graph G is locally restricted if each vertex sees less than
(G) different colors (i.e. |K1(v)|< (G) ∀v ∈ V ).
Deﬁnition 6. A graph G is LR-colorable if there exists a locally restricted coloring c of G.
Clearly, no graph with (G)=(G) can be LR-colorable ((G) is the size of the largest
clique (set of mutually adjacent vertices) in G), since any vertex of a largest clique sees at
least (G) colors. Consequently, no perfect graph is LR-colorable.
2.1. An LR-colorable graph: the pentaK3,3
The graph pentaK3,3 was constructed as a counterexample to the question “Is (, p)=1
for any p?”. It is 4-chromatic and has a locally restricted 5-coloring. We show that it is
the smallest LR-colorable graph which is 4-chromatic and admits a locally restricted 5-
coloring. It is natural to expect graphs with higher chromatic number or graphs admitting
locally restricted colorings with more colors to be of higher order.
PentaK3,3 is constructed in the following way.
• For every color i (1 i5), introduce six vertices vi,{j,k} corresponding to the six pairs
{j, k} of distinct colors in {1, . . . , 5}\{i}. i stands for the color of the vertex vi,{j,k}, and
j and k stand for the colors present in the neighborhood of vi,{j,k}.
• Link vertices vi,{j,k} and vi′,{j ′,k′} if i ∈ {j ′, k′} and i′ ∈ {j, k}.
By construction, we haveK1(vi,{j,k})={i, j, k}. In [2], we have shown that (pentaK3,3)=
4. We shall now prove that pentaK3,3 has a minimum number of vertices.
Proposition 7. Any 4-chromatic graph admitting a locally restricted 5-coloring has at least
30 vertices.
Proof. By contradiction, suppose G = (V ,E) is 4-chromatic of order 29 or less and c a
locally restricted 5-coloring of G. Deﬁne
H(v) =
{
K1(v)\{c(v)} if |K1(v)| = 3,
(K1(v)\{c(v)}) ∪ min({1, . . . 5}\K1(v)) if |K1(v)| = 2.
Now, consider the mapping h from the set V of vertices of G into the set of vertices of
pentaK3,3 {vi,{j,k}}:
h(w) = vc(w),H(w).
Note that for each edge {u,w} of G, {h(u), h(w)} is an edge of pentaK3,3 by construction.
Moreover, there is a vertex v′ of pentaK3,3 which is not in the image of h. Let c′ be a
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Fig. 1. 3-coloring of pentaK3,3 with one uncolored vertex (color 0).
3-coloring of pentaK3,3 with v′ removed. Such a coloring exists (see Fig. 1). Now
c′′(w) = c′(h(w))
is a 3-coloring of G which gives the desired contradiction. 
In other words, this shows that (4, 1)2, and in fact (4, p)2 for allp1. To see this,
it sufﬁces to consider pentaK3,3 with its natural 5-coloring plus a chain of 4 + p vertices
colored with 4 + p colors.
3. A property of colorings
We shall now establish a bound on (, p) which will strengthen a result given in [2].
This can be formulated by stating (, p)p/2 + 1 for all  and p.
Theorem 8. LetG=(V ,E)beagraphwith chromatic number,and let p be anon-negative
integer. Then there exists for any (+p)-coloring, a vertex v such that Np/2+1[v] contains
at least  different colors.
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Notice that for p=0, Theorem 8 reduces to Proposition 3. In [2] the Property was shown
for Nq [v] with q = max{2p − 1, 2} instead of q = p/2 + 1.
Proof. Let C= {1, . . . , +p} be the set of colors,P= {1, . . . , p + 1}, and forX ⊆ C let
X := C\X, so that |P|= − 1. Furthermore, let VP be the set of vertices with colors inP.
By contradiction, suppose there exists a (+ p)-coloring c : V → C such that
|Kp/2+1(v)|− 1 ∀v ∈ V . (1)
We will exhibit a coloring c′ : V → P using at most −1 colors, by recoloring each vertex
in VP with a color in P, and this will contradict the deﬁnition of .
We ﬁrst deﬁne some notation. For v ∈ VP and q1, let Qq(v) := Kq(v) ∩ P. Note
that, for qp/2 + 1, (1) gives |Kq(v)|− 1, so that
|Kq(v) ∩P| + |Kq(v) ∩P| = |Kq(v)|p + 1
and
|Qq(v)| = |Kq(v) ∩P|p + 1 − |Kq(v) ∩P|
= |Kq(v) ∩P|. (2)
Let GP be the subgraph of G induced by the vertices in VP. Form an oriented graph GP
by orienting each edge of GP from the vertex with smaller color to the vertex with larger
color. For each v ∈ VP, let r(v) (resp. a(v)) be the rank (resp. anti rank) of v in GP,
i.e. the number of vertices in a longest path ending (resp. starting) at v. We set r(v) = 1
(resp. a(v) = 1) if there is no arc ending (resp. starting) at v. Note that there is a path with
r(v)+ a(v)− 1 vertices in GP, but no path in GP has more than |P| =p + 1 vertices, and
so if we deﬁne qv = min{r(v), a(v)} then
qv
⌈
p + 2
2
⌉
=
⌈
p
2
⌉
+ 1, (3)
so that (2) holds for q = qv . The existence of the paths of r(v) and a(v) vertices ensures
that |Kqv (v) ∩P|2qv − 1qv , and so (2) gives
|Qqv (v)|qv . (4)
We can now deﬁne the coloring c′ : V → P. For v ∈ V , let
c′(v) =
⎧⎨
⎩
min r(v)Qr(v)(v) if v ∈ Vr = {v ∈ VP : r(v)a(v)},
max a(v)Qa(v)(v) if v ∈ Va = {v ∈ VP : a(v)< r(v)},
c(v) if v ∈ V0 = V \VP,
where min qX (resp. max qX) denotes the qth smallest (resp. qth largest) element of X;
note that these are well deﬁned, by (4).
It remains to prove that c′ is a coloring, that is, for each edge {u, v} ∈ E, c′(u) = c′(v).
W.l.o.g. we may assume that c(u)< c(v). Note that if 0<s < s′ then, because u, v are
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adjacent, Ns[u] ⊆ Ns′ [v] and Ns[v] ⊆ Ns′ [u], so that Ks(u) ⊆ Ks′(v) and Ks(v) ⊆
Ks′(u), and so if u, v ∈ VP then
Qs′(v) =Ks′(v) ∩P ⊆Ks(u) ∩P= Qs(u), (5)
and similarly
Qs′(u) ⊆ Qs(v). (6)
We now distinguish three cases.
Case 1: v ∈ V0. If u ∈ V0 then c′(u) = c(u) = c(v) = c′(v). If u ∈ VP, then c′(u) ∈
Qq(u) ⊆Kq(u) where q =min{r(u), a(u)}, and c(v) ∈K1(u) ⊆Kq(u), so that c′(u) =
c′(v) = c(v).
Case2:u ∈ Va andv ∈ VP. Since c(u)< c(v), it follows that r(u)< r(v) anda(u)> a(v),
so that, since u ∈ Va ,
a(v)< a(u)< r(u)< r(v).
Thus, v ∈ Va , and so
c′(v) = max a(v)Qa(v)(v) > max a(u)Qa(v)(v) because a(v)< a(u)
 max a(u)Qa(u)(u) = c′(u)
because Qa(u)(u) ⊆ Qa(v)(v) by (6).
Case3:u ∈ Vr andv ∈ VP. Since c(u)< c(v), it follows that r(u)< r(v) anda(u)> a(v).
Suppose ﬁrst that v ∈ Vr . Then
c′(v) = min r(v)Qr(v)(v) > min r(u)Qr(v)(v) because r(u)< r(v)
 min r(u)Qr(u)(u) = c′(u)
because Qr(v)(v) ⊆ Qr(u)(u) by (5).
So we may assume from now on that v ∈ Va . We will prove that
|Qa(v)(v) ∩ Qr(u)(u)|a(v) + r(u), (7)
from which it will follow immediately that
c′(v) = max a(v)Qa(v)(v) = min r(u)Qr(u)(u) = c′(u), (8)
as required.
Note that, since u ∈ Vr and v ∈ Va , it follows from (3) that r(u), a(v)p/2+1. Note
also that there is a path P of a(v) + r(u) vertices in GP, passing along the arc (u, v).
If r(u)< a(v) then |Qa(v)(v)| |Ka(v)(v) ∩P|a(v) + r(u) by (2) and the existence
of the path P, and Qa(v)(v) ⊆ Qr(u)(u) by (5), and this implies (7) and hence (8).
If r(u)> a(v) then |Qr(u)(u)| |Kr(u)(u) ∩P|a(v) + r(u) by (2) and the existence
of the path P, and Qr(u)(u) ⊆ Qa(v)(v) by (6), and this implies (7) and hence (8).
Finally, if r(u)= a(v) then a(v)(p + 1)/2 because the path P has at most |P| =p + 1
vertices, and so a(v)p/2 and a(v) + 1p/2 + 1. Now |Qa(v)+1(v)| |Ka(v)+1 ∩
P|r(u)+a(v) by (2) and the existence of the path P, andQa(v)+1(v) ⊆ Qa(v)(v) (clearly)
and Qa(v)+1(v) ⊆ Qr(u)(u) by (5), and this implies (7) and hence (8). This completes the
proof of Theorem 8. 
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Note that no restriction is made on p: it can be larger than (G) and the recoloring
procedure still holds. This is true because by Hypothesis (1) we have r(v) + a(v)(G)
for v ∈ VP.
Let us recall the following consequence of the Roy–Gallai theorem:
Proposition 9. For any coloring of a graph G there exists a chain of (G) vertices meeting
(G) different colors.
This result is mentioned in [3]. We give a sketch of the proof:
Orient each edge of G from the vertex of smaller color to the vertex of larger color. This
orientation is circuit-free. The longest path in this oriented graph has at least (G) vertices
since, otherwise, it would induce a coloring with less than  colors in the following iterative
way: assign a color to all vertices without a predecessor and remove them. At every step,
the length of the longest path in the remaining graph decreases by 1.
By considering themiddle vertex of the chainwe can reformulate Proposition 9 as follows:
Corollary 10. For any coloring of a graph G there exists a vertex v such that
|K(G)/2(v)|(G)
or, in other words,
(, p)
⌊
(G)
2
⌋
.
We may now wonder whether Theorem 8 is the best possible, i.e., if for any p, there exists
a graph G having a ((G) + p)-coloring such that
|Kp/2(v)|< (G) ∀v ∈ V . (9)
Or, in other words, is
(, p)>
⌈p
2
⌉
?
For p = 0, every graph G with (G)2 satisﬁes (9).
For p = 1, 2, pentaK3,3 (plus a chain for p = 2) satisﬁes (9).
For p(G) − 2, (9) is not satisﬁed anymore, since |K(G)/2| by Corollary 10.
There are graphs with (, p)> q for any q. For this, consider the so-called shift graphs
S(k, n) with k=2q +1 [4]. The vertex set of the shift graph S(k, n) is the set of all ordered
subsets of cardinality k of the set {1, . . . , n}. There is an edge between x = {x1, . . . , xk}
and y = {y1, . . . , yk} if x2 = y1, . . . , xk = yk−1. We obtain a coloring by assigning to each
vertex x = {x1, . . . , xk} the color xqˆ with qˆ = q + 1. Clearly K1(x) = {xqˆ−1, xqˆ , xqˆ+1}
andKq(x)={x1, . . . , xk}. By choosing n sufﬁciently large, (S(k, n)) becomes arbitrarily
large [5]. For our purpose we need n large enough to have >k.
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What we have shown so far is
(, p)
⎧⎪⎨
⎪⎩
⌈
p
2
⌉
+ 1 if 0p− 3,⌊
(G)
2
⌋
if p− 2
and
(, p)> 1 for = 4 and p1.
The exact value of (, p) forp3 is unknown.We concludewith the following conjecture,
which would show that for every p, there is a  such that (, p) = p/2 + 1.
Conjecture 11. For anyp0 there exists a graphGand an associated ((G)+p)-coloring
such that
|Kp/2(v)|< (G) ∀v ∈ V .
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